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The statement of the title is proved. It follows from this that the spaces c0(p), p(c0) and
p(q), 1 p,q+∞, make a family of mutually non-isomorphic Banach spaces.
© 2010 Elsevier Inc. All rights reserved.
In this note we use standard notation in Banach space theory as in [1] or [5].
Some months ago Félix Cabello asked us: are the Banach spaces ∞(c0) and c0(∞) isomorphic? In this note we show that
the answer is “no”. In fact, we will prove that ∞(c0) is not even isomorphic to a quotient of c0(∞). We will also get some
consequences of this result. To prove it we need a preliminary lemma.
Lemma 1. Let W be a relatively weakly compact subset of c0 and 0 < λ < 1, then there exists a norm one vector y ∈ c0 such that
‖y − x‖ λ
for all x ∈ W .
Proof. For each n ∈ N take yn = (
n times︷ ︸︸ ︷
1, . . . ,1,0,0, . . .). Let us see that some of these yn ’s satisﬁes our requirements. If this is
not the case, then there exists a sequence (xn) in W such that
‖yn − xn‖ < λ
for all n. Notice that this implies that the ﬁrst n coordinates of xn are greater or equal than 1 − λ > 0. Since weak con-
vergence in c0 implies coordinate-wise convergence, it is clear that (xn) has no weakly convergent subsequences. This is
a contradiction with the relatively weak compactness of W . 
Theorem 1. ∞(c0) is not isomorphic to a quotient of c0(∞).
Proof. We must show that there is no continuous linear operator T from c0(∞) onto ∞(c0). Suppose that such an opera-
tor T exists. We can assume
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(
B
(
c0(∞)
)) ⊃ B(∞(c0)
)
(∗)
where B(c0(∞)) and B(∞(c0)) are the closed unit balls of c0(∞) and ∞(c0), respectively.
For each m ∈N we denote by Pm and πm the natural projections:
Pm : c0(∞) −→ c0(∞),
(xk)k −→ (x1, x2, . . . , xm,0,0, . . .),
πm : ∞(c0) −→ c0,
(zk)k −→ zm
and take
Sm = πm ◦ T |Pm(c0(∞)) : Pm
(
c0(∞)
) −→ c0.
It is well known that every bounded linear operator from ∞ to c0 is weakly compact ([5, Proposition 2.f.4.], [4, Chap-
ter VII, Exercise 4(iv)]). Obviously, the space Pm(c0(∞)) is isomorphic to ∞ . Therefore, Sm is weakly compact.
Now, applying the preceding lemma to the relatively weakly compact set
Sm
(
Pm
(
c0(∞)
)∩ B(c0(∞)
)) = Sm
(
Pm
(
B
(
c0(∞)
)))
with λ = 12 , we deduce that there exists a norm one vector ym ∈ c0 such that
∥∥ym − Sm
(
Pm(x)
)∥∥ = ∥∥ym − πm ◦ T
(
Pm(x)
)∥∥ 1
2
for all x ∈ B(c0(∞)).
Take y = (ym)m . Of course, y belongs to B(∞(c0)). Let us see that y does not belong to T (B(c0(∞))), and we will have
reached a contradiction with (∗). Given x ∈ B(c0(∞)), for each m ∈N, we have
∥∥y − T (Pm(x)
)∥∥ = sup
k
∥∥πk
(
y − T (Pm(x)
))∥∥
∥∥πm
(
y − T (Pm(x)
))∥∥
= ∥∥ym − πm
(
T
(
Pm(x)
))∥∥ 1
2
.
On the other hand, we have x = limm Pm(x), and therefore, T (x) = limm T (Pm(x)). So we get T (x) 
= y. 
It is very well known that the spaces c0 and p , 1 p +∞, make a family of mutually non-isomorphic spaces. In [6,
footnote of p. 242] Triebel says he has learnt from Pełczyn´ski that the p(q) spaces also make a family of mutually non-
isomorphic spaces (see also [3]). It is natural to ask if this is still true if we add to this family the spaces c0(p) and p(c0).
Using the preceding theorem and some old results we will prove in the following theorem that the answer is “yes”.
Notice that, for simplicity, in the next statement c0 is denoted by 0.
Theorem 2. Let p0, p1,q0,q1 ∈ {0}∪ [1,+∞] and let us denote c0 by 0 , then the spaces p0(q0 ) and p1 (q1 ) are isomorphic if and
only if p1 = p0 and q1 = q0 .
Proof. We have shown in [3] the result for p0, p1,q0,q1 ∈ [1,+∞], therefore, we only have to consider the cases in which
at least one of the indices is equal to 0. Of course, it is enough to consider the cases p0 = 0 and q0 = 0.
Suﬃciency is obvious, so let us prove necessity.
Case 1: p0 = 0. Suppose 0(q0 ) = c0(q0 ) ≈ p1 (q1 ) (as usual, the notation ≈ means “is isomorphic to”).
Let us consider ﬁrst q0 < +∞. Under this assumption c0(q0 ) is separable and this implies p1,q1 < +∞. Taking duals
we get c0(q0 )
∗ ≈ 1(q′0 ) ≈ p1 (q1 )∗ ≈ p′1 (q′1 ), where q′0, p′1 and q′1 are the conjugates of q0, p1 and q1, respectively.
Since q′0, p′1,q′1 ∈ [1,+∞], we deduce from the remark at the beginning of the proof p′1 = 1 and q′1 = q′0. Hence we get the
desired conclusion: p1 = 0 and q1 = q0.
Consider now q0 = +∞. Thus we have 0(∞) = c0(∞) ≈ p1 (q1 ). The space p1 (q1 ) must be non-separable, therefore
either p1 = +∞ or q1 = +∞. Besides, p1 (q1 ) must contain a complemented copy of c0, but it is well known that a
dual space cannot contain a complemented copy of c0 [2, Corollary 4]. This means that either p1 = 0 or q1 = 0. Since the
possibility p1 = +∞ and q1 = 0 is impossible by Theorem 1, we get our thesis: p1 = 0 and q1 = ∞.
Case 2: q0 = 0. It is completely analogous to Case 1. 
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